We investigate the mechanical properties of a doubly-clamped, double-layer nanobeam embedded into an electromechanical system. The nanobeam consists of a highly pre-stressed silicon nitride and a superconducting niobium layer. By measuring the mechanical displacement spectral density both in the linear and the nonlinear Duffing regime, we determine the pre-stress and the effective Young's modulus of the nanobeam. An analytical double-layer model quantitatively corroborates the measured values. This suggests that this model can be used to design mechanical multilayer systems for electro-and optomechanical devices, including materials controllable by external parameters such as piezoelectric, magnetrostrictive, or in more general multiferroic materials.
Over the last decade there has been growing interest in micro-and nanomechanical systems taylored for fundamental quantum experiments and sensing applications [1] [2] [3] [4] [5] [6] . For sensing applications, an effective signal transduction from the mechanical to the electrical domain is highly desirable to allow their integration into more complex structures. To this end, a powerful strategy for establishing extremely sensitive detection schemes is to couple the mechanical resonator to an electromagnetic circuit, leading the field of circuit-electromechanics, a subfield of optomechanics 7, 8 . For example, an effective coupling is realized by making the mechanical entity such as a nanobeam or a micromembrane part of an on-chip microwave cavity [9] [10] [11] [12] . With such electromechanical hybrid systems, ground state cooling 13 , electromechanically induced transparency and absorption 12, 14 , generation of slow light 15 , state transfer of (classical) photonic states to the mechanical mode 16 as well as parametric amplification 11 have been demonstrated. In addition, electromechanical systems driven by a microwave tone resonant with the cavity provide a powerful toolbox for studying nanomechanical oscillators 17, 18 . A recent example is the characterization of the coupling between in-and out-ofplane modes in a nanomechanical beam 19 . Whereas for most applications only the linear regime of mechanical oscillators is relevant, the nonlinear regime is of particular interest for the study of their fundamental mechanical properties. Therefore, the Duffing nonlinearity 20 has been explored extensively in various nanomechanical sysa) hans.huebl@wmi.badw.de b) Rudolf.Gross@wmi.badw.de tems [21] [22] [23] [24] [25] [26] [27] [28] . In this letter, we present a systematic study of a nano-electromechanical system consisting of a doubly clamped Si 3 N 4 /Nb bilayer nanobeam embedded into a Nb superconducting coplanar waveguide (CPW) microwave cavity. We perform sideband spectroscopy of a probe field centered around the resonant frequency (∼ 6 GHz) of the microwave cavity and use an additional AC drive tone centered around the mechanical resonance frequency (∼ 1.5 MHz) to drive the mechanical amplitude in the Duffing regime. Hereby, we obtain the mechanical eigenfrequency and the "backbone" curve, which allow us to deduce the effective mechanical stress σ eff and Young's modulus E eff . Since the nanobeam consists of a Si 3 N 4 /Nb bilayer, we obtain only effective mechanical parameters. We show that the mechanical behavior of a pre-stressed nanobeam consisting of two or more layers can be well described by effective material constants. Moreover, we derive how these effective parameters are related to the material constants of the individual layers. The effective material constants determined in our experiments quantitatively agree well with those obtained from model calculations.
The eigenfrequency of a doubly-clamped mechanical beam assuming hinged ends and neglecting effects due to bending at the clamping points is given by 29, 30 
Here, σ is the stress present in the beam, ρ its mass density, E its Young's modulus and I its moment of inertia. The the right-hand side of (1) mine the stress of the beam for known ρ. For the more common case of a pre-stressed, doubly-clamped beam, including the bending present at the clamping points no analytical expression to derive Ω m exists (see supplemental material 31 ). Nevertheless, usually (1) is a good approximation, since the deviation from the exact numerical solution is typically small.
In the linear (harmonic) regime, the oscillation frequency is independent of the oscillation amplitude. In contrast, for large amplitude excitation nonlinear effects become relevant. We will show that these nonlinear effects allow us to determine the effective Young's Modulus. To account for nonlinearities, the harmonic potential has to be extended by terms going beyond the quadratic term in the displacement x. Due to the symmetry of the doubly-clamped nanobeam all odd parity terms can be omitted. The next relevant term is proportional to x 4 , leading to the additional restoring force term αx 3 in the equation of motion. Here, α is the so-called Duffing parameter characterizing the nonlinear dependence between force and mechanical displacement. The full equation of motion of a damped Duffing oscillator with linewidth Γ m thus reads
Here, m eff is effective mass of the nanobeam and the term on the right-hand side represents a harmonic driving force with frequency ω and amplitude F . Figure 1 shows a generic amplitude spectrum of a Duffing oscillator (blue line) obtained from (2) for α > 0 (which is the common case in doubly clamped nanobeams 32 ) and a drive sufficiently strong to generate amplitudes exceeding the critical amplitude x crit . In this non-linear regime, the amplitude shows a hysteretic behavior between C up and B up . Here, three amplitude solutions to (2) exist with only two of them being stable 33 . The red curve Fig. 1 shows the amplitude spectrum for increasing drive frequency. At the frequency Ω max (x 0,max ), the end point B up of this upper branch of the Duffing oscillator, the amplitude takes its maximum value x 0,max . On further increasing the drive frequency, the amplitude drops discontinuously to the low excitation state B down . The lower branch (green curve) can then be observed for decreasing drive frequencies. Here, the position of the discontinuity is at C up . Note that point B up can only be accessed on increasing the drive frequency.
Although eq. (2) cannot be solved analytically, one can show that Ω max shifts with x 0,max according to
This relation is called the backbone of the Duffing oscillator. It allows to extract α by measuring Ω max as a function of x 0,max . Experimentally, the difficult part is to precisely determine x 0,max in a calibrated measurement.
Having determined α, we can use
to relate the Duffing parameter to the mechanical properties of the nanobeam. In particular, we can estimate the effective Young's modulus of the nanobeam, since the stress σ can be determined independently from (1) by measuring the eigenfrequency Ω m in the linear regime. Additionally, we can extract the critical amplitude x crit , which is defined as the oscillation amplitude for coinciding C up and B down , given by
Before discussing the experimental data, we first provide basic information on the sample fabrication and the experimental setup. For the fabrication of the nano-electromechanical hybrid, we globally remove the t SiN = 70 nm thick highly stressed silicon nitride layer deposited on a silicon substrate except for the area of the nano-string. Subsequently, we deposit a t Nb = 130 nm thick Nb layer by magnetron sputtering and define the Nb microwave cavity by electron beam lithography (EBL) and reactive ion etching (RIE). Finally, we pattern the nanobeam with a length L = 60 µm and a width w = 140 nm by EBL and by using both anisotropic and isotropic etching to define and release the nanobeam (for details see Ref. 15 ). The effective mass of the center of mass coordinate of the in-plane vibration is m eff ≈ 7 × 10 −15 kg. The nanomechanical oscillator is capacitively coupled to a λ/4 superconducting CPW microwave cavity with a resonance frequency of ω c /2π = 6.07 GHz and a quality factor of Q 8000. An equivalent circuit diagram of the nano-electromechanical device is shown in the inset of Fig. 2 . The measurements are performed in a dilution fridge at a temperature of approximately 400 mK.
In our experiments we employ a setup similar to Refs. 15, 34 to measure the amplitude fluctuations of the nanobeam (see Fig. 2 ). The mechanical motion is driven by the output signal of a vector network analyzer with angular frequency Ω ac , which is applied directly to the sample via a bias tee. Mechanical spectroscopy is performed by analyzing the mechanically induced frequency fluctuations of the signal transmitted through the microwave cavity. To this end, we used a probe tone set to ω p = ω c and a power of P p = −83 dBm to minimize electromechanical back-action on the nanobeam. The probe tone ω p is frequency modulated with Ω mod /2π = Ω m /2π −50 Hz and a modulation depth of 100 kHz. After transmission through the sample, the signal is amplified and downconverted with the frequency-modulated probe tone, corresponding to a homodyne detection. The phase quadrature is used as the input of the network analyzer. The frequency modulation experiences the same transduction as the mechanical motion (see Refs.
15,34 for further details). Together with a known temperature, this allows us to determine the a optomechanical coupling g 0 /(2π) = 1.26 Hz and thus to calibrate the mechanical displacement spectrum. Figure 3 shows a typical spectrum as function of the drive frequency Ω ac . The peak at a detuning of −50 Hz stems from the frequency modulation of the probe tone ω p and is used for the calibration of the spectrum amplitude in terms of the microwave cavity frequency response. The central approximately Lorentzian peak is due to the mechanical motion of the nanobeam. Its slight deviation from the Lorentzian lineshape (solid orange line in Fig. 3) indicates the onset of nonlinearity.
In order to extract the stress σ in the nanobeam, we first determine the mechanical eigenfrequency Ω m in the linear regime by recording the frequency spectrum at low drive power of P ac = −100 dBm. At this power level we can neglect nonlinear effects (bottom black curve in Fig. 4 Next, we turn to the Duffing parameter. Increasing the AC drive power, we clearly observe a nonlinear behavior of the nanobeam. Fig. 4 shows the detected mechanical displacement spectrum for different AC drive powers. In all experiments the displacement spectral density was recorded for increasing drive frequency. The bottom curve is obtained for a drive power of P ac = −100 dBm, the remaining by increasing the drive power in 1 dB steps starting at P ac = −95 dBm. The experimental data agree well with the expected evolution of a Duffing resonator. The dashed light blue line is a fit of the backbone curve according to eq. (3), yielding a Duffing parameter of α = 1.99 × 10 11 N/m 3 . Note that Eq. (3) does not require any knowledge about the driving force applied to the nanobeam in the experiment. Thus it is sufficient, to determine the maximal mechanical amplitude x 0,max to extract α from the backbone curve. Plugging the value for α into (5), we find a critical amplitude of x crit = 2.57 nm.
With Eq. (4) we determine the effective Young's modulus E eff using α = 1.99 × 10 11 N/m 3 and σ eff = 199 MPa and find E eff = 100 GPa for the investigated bilayer beam. We next compare this value to the prediction
of the bilayer beam model (cf. SI). Using the literature values E SiN = 160 GPa 35 and E Nb = 105 GPa 36 , we get E eff = 124 GPa. This value agrees well with the experimental value of E eff = 100 GPa. In summary, we have presented a method to quantitatively determine the effective mechanical parameters of a bilayer nanobeam embedded into an electromechanical system. Our method is based on the analysis of the oscillation amplitude of a driven nanomechanical beam both in the linear and non-linear regime described by the Duffing equation. Measuring the amplitude spectrum of the beam as a function of the drive power allows us to extract the effective prestress and effective Young's modulus of the beam. Our results show that the spectroscopic analysis of the mechanical eigenfrequency in the linear and nonlinear regime is a powerful tool to characterize mechanical oscillators fabricated from more than one layer. We also have developed an analytical model description of the mechanical behavior of pre-stressed nanomechanical beams consisting of two (or more) layers. The model predictions agree well with the experiment. This demonstrates that this model can be used to tailor and optimize the mechanical parameters of multi-layer nanomechanical beams.
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